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The following theorem is proved: Every biregular graph whose degrees are either k or k + 1 
contains a spanning biregular subgraph whose degrees are either r or r + 1 where 0 ~ r ~< k. 
This result is the best possible in the sense that a family of biregular graphs whose degrees are 
either t$ or t$ + k (t$ i> 2, k ~> 2) has been found with the property that they do not contain a 
spanning biregular subgraph whose degrees are either/5 - 1 or/5. 
1. Notation and terminology 
We follow the notation and terminology of Berge [1]. Let G = (X, E) be a 
graph with vertex set X and edge set E. The graph G may have loops and 
multiple edges. A subgraph H of G is said to be spanning if the vertex set of H is 
X. 
For S, T ~ X with S N T = t~, we denote by mG(S, T) the number of edges 
having one end in S and the other in T. Let dn(x) be the degree of x in the graph 
H, and let us use d(x) for de(x). 
Consider the functions f, g :X--~ Z ÷ (non-negative integers) such that d(x)>I 
f (x)  >~ g(x) >10 for x e X. A (g, f)-subgraph of G is a spanning subgraph H such 
that f (x)  >>- dn(x) >1 g(x), x ~ X. We define an f-factor as an (f, f)-subgraph. Let 
f ' (x)  = d6(x) - f (x ) ,  x ~X. 
2. The result 
In [3] Tutte deduced the following theorem from a more general good 
characterization f graphs without (f, f)-subgraphs: 
Theorem 1 (Tutte). Let G be a regular graph of degree k. Let r be an integer 
satisfying 0 <<-r <<-k. Then there exists a spanning subgraph H of G such that 
dH(x) = r or r + 1 for x e X. 
This theorem was conjectured by ErdSs. We sharpen it by proving 
Theorem 2. I f  G is a graph with degrees k or k + 1, then it contains a spanning 
subgraph with degrees r or r + 1, for all r <<- k. 
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Theorem 2, as we shall show, is a straightforward consequence of the following 
theorem of Lov~isz [2]. 
Theorem 3. Let g < f. A graph has no (g, f)-subgraph if and only if there exist 
disjoint subsets S and T of X such that 
m6(S, T) > ~ f(s) + ~ g'(t). 
s~S t~T 
(*) 
Theorem 3 is a special case of a good characterization for the graphs without 
(g, f)-subgraphs, without the restriction g <f. 
Proof of Theorem 2. Assume the theorem fails. This means that g does not have a 
(g, f)-subgraph with f (x)  = r + 1, g(x) = r for all x e X. Hence, by Theorem 3 
there are subsets S, T of X with S fq T = ~ such that ( * ) holds. Then 
mG(S, T) > 
in contradiction with 
me(S, T) <- 
f(s) + ~ (d(t) -g(t))  
seS  tcT  
(r + 1) ISI + (k - r) ITI/> (k + 1)min(ISI, ITI) 
the inequality 
min{x~s d(x), ~rd(x)}~< (k+ 1)min{ISI, ITI}. [] 
Theorem 2 is sharp in the sense that the complete bipartite graph with bipartition 
{A, B}, IAI =k, IBI =k+ 6 (k>~2, 6>2)  has all degrees k and k+ 6 but does 
not contain a spanning subgraph with all degrees r = k - 1 or r + 1, as the choice 
S = A, T = B shows (substitute this into ( • ) and apply Theorem 3). 
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